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Abstract 



The equations of motion and boundary conditions for the fluctua- 
tions around a classical open string, in a curved space-time with tor- 
sion, are considered in compact and world-sheet covariant form. The 
rigidly rotating open strings in Anti de Sitter space with and without 
torsion are investigated in detail. By carefully analyzing the tangen- 
tial fluctuations at the boundary, we show explicitly that the physical 
fluctuations (which at the boundary are combinations of normal and 
tangential fluctuations) are finite, even though the world-sheet is sin- 
gular there. The divergent 2-curvature thus seems less dangerous than 
expected, in these cases. 

The general formalism can be straightforwardly used also to study 
the (bosonic part of the) fluctuations around the closed strings, 
recently considered in connection with the AdS/CFT duality, on 
AdS 5 xS 5 and AdS 3 xS 3 xT 4 . 
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1 Introduction 



Semi-classical quantization of strings in Anti de Sitter space leads to the 
result that the energy E scales with a quantum number N, E ~ N (for 
large N). This result, which is independent of the dimensionality of Anti 
de Sitter space, was originally obtained almost a decade ago by considering 
fluctuations around the string center of mass pQ (with N being a combination 
of spin angular momentum and oscillation number), by considering circular 
strings [2| (with N being the oscillation number), and by considering rigidly 
rotating strings [3] (with N being the spin angular momentum). 

This result has recently received a lot of attention in connection with 
the conjectured duality [3 El E] between super string theory on AdS 5 x S 5 
and M = 4 SU(N) super Yang-Mills theory in Minkowski space. In the 
case of rigidly rotating strings, it was noticed [7] that the subleading term is 
logarithmic in the spin S 

"E-S~\ n (S) " (1.1) 

which is essentially the same behavior as found for certain operators on the 
gauge theory side [3 El U3 HH U2] • The fluctuations around the rigidly rotat- 
ing closed strings were considered in [T3*l IT1] and confirmed the logarithmic 
behavior. 

The E-N relationship has been further investigated in a number of papers 
including [1312111311311312011211122112211211 for various string configura- 
tions. The subleading terms depend on the particular string. For instance, 
for a circular string it is the square root of N [21 GB] ■ It is also known fI5\ 
that torsion may change the subleading terms. So this needs further studies. 

Another important point is that the E-N relation in most cases is ob- 
tained in a purely classical way or from a simple WKB approximation 
[21 El 123 CH] of the path integral, using a method developed in [28J. Quan- 
tization of the fluctuations, which is notoriously a complicated problem for 
extended strings in curved spacetimes, has only been done in very few cases 
(for instance the already mentioned [TBI ITU IT7j). 

In the present paper, we consider more generally the fluctuations around 
particular string configurations, which may be open or closed. Basically, one 
can proceed in two ways: One possibility is to take the Polyakov action in 
conformal gauge and to expand the action and the constraints to second 
order. However, in a generic curved spacetime, it is not possible to solve 
the constraints and thereby to eliminate the unphysical modes. The other 
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possibility is to start with the Nambu-Goto action and impose more physical 
gauge conditions and thereby eliminate the unphysical modes from the very 
beginning. More precisely, for a string in a generic D-dimensional spacetime, 
one has, when using the Polyakov action in conformal gauge, D + 2 equations 
for a complicated mixture of physical and unphysical fluctuations. When 
using the Nambu-Goto action with suitable gauge conditions, one has on the 
other hand only D — 2 equations for the physical fluctuations only. This 
is why we prefer to use the Nambu-Goto action supplemented by a term 
representing the torsion. 

The fluctuations around rigidly rotating strings in spacetimes with tor- 
sion were recently considered in [231 I2H] • However, only closed strings were 
discussed and the unphysical modes were not eliminated. 

The paper is organized as follows: In section 2, we derive the action, equa- 
tions of motion and boundary conditions for quadratic fluctuations around 
a classical string configuration in a curved spacetime with torsion. The fluc- 
tuations are split into normal and tangential contributions, so as to clarify 
the physical situation. In sections 3 and 4, we discuss in detail the particular 
examples of rigidly rotating open strings in AdS with and without torsion. In 
section 5, we comment on the quantization and we present our conclusions. 

2 General Formalism 

We are interested in the fluctuations around a classical open planar string, 
i.e. a string that is extended only in a 2+1 dimensional section of a higher- 
dimensional curved spacetime. It is straightforward to generalize to com- 
pletely general configurations, but that seems to be an unnecessary compli- 
cation at the present moment. As explained in the introduction, we prefer 
to work with the Nambu-Goto action with an additional term representing 
the torsion. 

The action is thus given by 




(2.1) 



where 




det(G^X%X^) 



V 



(2.2) 
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The first variation of the Lagrangian leads to 



5L 



-9 



+d a 



9 9 aP G, v + 



-,B 



where g a p is the induced metric on the world-sheet 

9a(3 = GuvX^^X^p 



(2.3) 



(2.4) 



while K aj 3 is the generalized extrinsic curvature, as constructed from the 
generalized Christoffel-symbols 



K, 



a/3 



with 



+ rWj,) N, = V p (X»J X^N, (2.5) 

(2.6) 



re 

Per 



rp i7M 

per 2 P CT 



The equation of motion corresponding to Eq. (j2.2|) is 



a(3 



c a/3 



-9 



K, 



a/3 







(2.7) 



generalizing the usual condition on the extrinsic curvature for a minimal 
surface, to the case of a spacetime with torsion. 

For an open string, we get the boundary conditions from the second term 
in Eq. ()2.3|) (obtained after projection on the normal and tangential vectors) 



= [B^X^NX^ 

= [y/=g - B^X^X^orf 



(2.8) 
(2.9) 



Now we turn to the second variation of the Lagrangian. The derivation 
of S 2 L is a straightforward exercise in differential geometry following [3U1 
EU 1221 IHH] • But now, keeping all the surface terms, the result is (D a is the 
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world-sheet covariant derivative) 



-9H> 



D a D a + k {aP) K {afS) 



,<X0 



+ d a 
+ d a 
+ d Q 



e^B, u X^-9 n K m ip + Dp^){N v ip + X^ s 



+ d a [e a(3 V p B pu X^(N^ + X^'Wip + X^ 



(2.10) 



Here we have expanded the variation of X^ on the normal and tangential 
vectors 



5X» = <pN" + ij) a X\ 



(2-11) 



such that the normal fluctuations are represented by a world-sheet scalar 
field ip, while the tangential fluctuations are represented by a world-sheet 
vector ip a . 

Several comments to Eq. (j2.1U|) are now in order. First, we notice that 
only the symmetric part of the extrinsic curvature appears. Second, the 
curvature tensor R upvp is the generalized one obtained from the generalized 
Christoffel symbols Eq. (J2.6j) . Third, the tangential fluctuations obviously 
only contribute in the surface terms, i.e. at the boundary, because of the 
reparametrization invariance in the bulk. On the other hand, the surface 
terms depend explicitly on the torsion B^ v since the action ()2.1j) is not in- 
variant under gauge transformations 5B pu = d^A^, but picks up a surface 
term. 

In obtaining the equation (j2.1U|) . we also used the first order equation of 
motion ()2.7|) . but we have not yet used the first order boundary conditions 
(I2.8|) . (j2.9|) . The reason for not having used the first order boundary condi- 
tions at this stage, is that the basis (iV^X^) generally is not well-defined 
at the boundary. Thus, one has to be very careful when implementing the 
boundary conditions. This will be clarified in the following sections. 

The equation of motion for the normal fluctuations is then given by 



D a D a + k {aP) kw 



nf3 



c aj3 



R autip X» a X^N p N° 



ip = (2.12) 
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while the boundary conditions are 

+ V u B w N»XP T (N» V + X^)l=(o^ (2.13) 

= [-{y/^-B^X^)(-g m K {vr)( p + D T r) 

+ B^X^N'^ + K^n^ ( 2 - 14 ) 

= [(^-B^X»X» a )(-g™K {aT) <p + D T i> T ) (2.15) 

+ B ia/ X%N v {i P)T + K (T a)^ a ) + V v B w X%X p T (N^ + X^ 7 )]<x=(o,.) 

In the following sections, we shall consider these equations in some particular 
cases. 



3 SL(2,R) Background 

As a first example of our general formalism, we consider the rigidly rotating 
open strings in the SL(2,R) = AdS3 background. One can for instance imag- 
ine a string in the Anti de Sitter part of the spacetime AdS3 x SU(2) x T 4 . 
The SL(2,R) background is given by 

dv 2 

ds 2 = -(1 + H 2 r 2 )dt 2 + + r 2 d(f) 2 , B = -2Hr 2 dt A dxj> (3.1) 

1 + H 2 r 2 



There are no straight folded strings in this background [25) 126] , since the 
torsion bends and unfolds them. The simplest open strings, which generalize 
the straight folded strings in Minkowski space, are given by 



t = c r (3.2) 

r = — cos(ncr) (3.3) 
n 



co\fnF+ H 2 c 2 n 2 

— t H a 

ci Hci 

Jn 2 + H 2 cj , / ' Jn 2 + H 2 cj . 
v 1 cot" 1 -¥ ^cot(ncr) (3.4) 



Hex \ n 

where Co is just introduced for dimensional reasons. It has no physical impor- 
tance, so we have a continuous 1-parameter family of solutions parametrized 
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by C\. The integer n gives the number of string segments (for H = 0, the 
number of foldings). 

In the following we take n = 1, corresponding to the leading Regge tra- 
jectory. Then the induced metric on the world-sheet is given by 



g TT = -Cq sin 2 a , (3.5) 
Hc Q c\^l + H 2 c\ cos 2 cr sin 2 a 
1 + H 2 c\ cos 2 a 



c? sin 2 cr fl + (2 - cos 2 cr) H 2 c? cos 2 crl 

^<r<7 = ( 3 - 7 ) 

(1 + # 2 C 2 COS 2 a) 2 V ' 

which is singular at the boundary cr = (0, 7r). Indeed, the scalar curvature of 
the world-sheet is 

R 2 = -^r- (3-8) 

cf sin cr 

which is the same as in Minkowski space (H = 0). 
The extrinsic curvature is 

Ki TT ) — Hcq cos2 ° i (3.9) 
r> coy/1 + H 2 c 2 [H 2 4 cos 2 cr sin 2 a + 1] 

^ = l + tf 2 C 2 COS 2 Cr ' (3 - 10) 



Hc\ 2-3 cos 2 cr + H 2 cj cos 2 a(2 sin 4 a - cos 4 cr) , 

K M = - 1 — 9 ^ 3.11 

( } (l + # 2 c 2 cos 2 cr) 2 1 ' 

K\ TU ] = HcqCi sin 2 a (3-12) 

and one can easily verify that Eqs. f)2.7j) - f|2.9|) are fulfilled. 

The energy and spin angular momentum of these strings are given by [23] 

E = J- r d -ida = ^- (3.13) 

2na' J dt 2a' K ' 

S = AT^ = ^^ (3.14) 

2™' J d<f) 2a' H 2 v ' 

It follows that 



B = ^/ 1 + 7^ (315) 
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such that for long strings 



E/H-S 



2H 2 a' 



+ 



(3.16) 



i.e. the dominant subleading term is just a constant 

We now turn to the fluctuations. Using that R a ^ up = for the SL(2,R) 
background (it is a group manifold), we get the following equation of motion 
for the normal fluctuations 



D a D a + 2H 2 - 

The boundary conditions become 
-2# 2 co Cl (l + # 2 c2)cos 3 o- 



2 ■ 4 

c\ sin a 



tp = 







+ 



+ 



+ 



+ 



+ 



c 2 ^l + H 2 c 2 
sin cr(l + H 2 c\ cos 2 cr) 2 ^ ci(l + H 2 c\ cos 2 cr 
Hc cx[l + m 2 c\ cos 2 a - H 2 c 2 cos 4 a 
(1 + H 2 cj cos 2 a) 2 



Hc% yl + if 2 c 2 cos 2 a . Co , HcqCi sin a cos er • 7 
1 + # 2 c 2 cos 2 a ^ + 7^ + 1 + if 2 c 2 cos 2 a ^ 
H 2 c\ a/1 + H 2 c\ cos 3 (x sin a ■ 



(1 + if 2 c? cos 2 a) 

CqCi sin a 
1 + H 2 c\ cos 2 a 
c cos a(l + if 2 c 2 cos 2 a) 



■0 6 



J <T=(0,7T) 



1 + ii 2 c? if cos cr sin a 
-a": V + + 



c 



^0 



i) T - H\ l + H 2 c\ cos a sin 2 a ^ 



Hc oCl [l + 2H 2 c 2 cos 2 a - if 2 c 2 cos 4 a] 
(l + if 2 c 2 cos 2 a) 2 ^ 
CqCi cos a sin cr [1 + 2H 2 c\ cos 2 a — if 2 c 2 cos 4 cr] 



(l + ii 2 C 2 COS 2 cr) 2 

HcqCi a/1 + if 2 c 2 cos a sin 3 a ^ T ^ 

1 + if 2 C 2 COS 2 (J 

cos 3 cr sin cr . 



CqCi Sin a 

1 + if 2 c 2 cos 2 cr 



V< 7 



1 + H 2 C( COS 2 Cr) 



cr=(0,7r) 



(3.17) 



(3.18) 



(3.19) 

<7=(0,7T) 



^3.20) 



where dot and prime denote derivation with respect to r and a. Notice that 
we keep all the trigonometric functions in the boundary conditions. The 
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reason is that they have to be expanded, since the functions (ip, ip a ) turn out 
to be singular at the boundary, as we will now show. 

At this moment we are not interested in the general solution of Eq. fl3.17|) . 
which will later be discussed in the Appendix. Here we only consider the 
solution near the boundary, where the boundary conditions come into play. 
It is convenient to separate the equations using 

<p(T,a) = e-^^Ua) (3.21) 
r(r,a) = e- l ^ (T ^ )] gZ{a) (3.22) 

where the function £ is defined by 



_ HcWl + H^cj cos 2 a 
* ~ Co(l + # 2 c? cos* a) [6 6) 

The equation for the normal fluctuations now reduces to 

Z + L 2 + 2H 2 cj sin 2 a - -^-) f u = (3.24) 
\ sm o J 

The solution near the boundary a = (the analysis near the boundary a = n 
is completely similar) is 

' l ' 1 +h(^--l)a + k 2 a 2 + ... (3.25) 



J ~ a x V 2 3, 
where k\ and k 2 are arbitrary constants. Now Eqs. (j3.18|) - (j3.20j) lead to 



where 

d\ 



d a d a 

% + ^ + d« (3.26) 
a 2 a 6 



c^l + Wc 2 



dl = -Ek x 
d\ = 

dl = ^JlVHEK ( 3. 27 ) 

Cl 
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while the finite terms are related by 

= ^ (-2 - \%H 2 c\ + 3a; 2 - \QH A c\ + QH 2 c\u 2 + 3# 4 cV) 
6 

- co(l + H 2 c\f /2 dl + #c 2 (l + # 2 c 2 )c^ (3.28) 

It follows that both the normal and the tangential fluctuations are infinite 
at the boundary. However, if we consider the physical fluctuations, which at 
the boundary a = 0, are given by 

5X»(a = 0) = [cpN» + rX%}*=o (3.29) 

we find that the singularities precisely cancel, and we get a finite result 

fci[3a; 2 (l + H 2 c 2 ) + 2H 2 c 2 - 4] , ^ ^ „-i^( T+m ) 



5t(a = 0) = [ ^ " 6a l^; 1 1 + dlco ) e^™ (3.30) 

5r(a = 0) = iuk lS Jl + H 2 c 2 e' iC ^ {T+m) (3.31) 
^[3^(1 + # 2 c 2 ) + 8# 2 c 2 + 2] 



50(<x = 0) 



6 Cl (l + # 2 c 2 ) 

, CoVl + ^c 2 



Cl 



e -^-(r+e(o)) (3 _ 32) 



It should be stressed that one can always obtain finite normal and tangential 
fluctuations at one of the boundaries by choosing appropriate values of the 
integration constants. For instance, taking k\ = in Eqs. (|3.25j) - (j3.27|) makes 
everything finite at o = 0. However, one can easily show (by considering the 
exact solution in some simple case, say H = 0; see the Appendix) that both 
normal and tangential fluctuations then still blow up at the boundary a = n. 
What we have shown here is that the physical fluctuations in any case are 
finite everywhere. 



4 Ordinary Anti de Sitter Space 

As a second example, we now consider the fluctuations around the rigidly 
rotating open string in ordinary anti de Sitter space. Again, we take 2+1 
dimensions, which might be envisioned as a slice of AdSs in AdSs x S 5 . 
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This solution was originally constructed in The radial coordinate is 
usually expressed in terms of an elliptic function, but for comparison with 
section 3, we now use the following gauge 

t = CqT, r = — cos(ncr) (4.1) 
n 

The remaining coordinate is obtained by the ansatz = ujt, where u is 
determined by the boundary conditions. Actually, this is the solution for 
a rigidly rotating open string (rotating around its center of mass) in an 
arbitrary static cylindrically symmetric spacetime with line element 

ds 2 = g tt {r)dt 2 + g rr (r)dr 2 + g H {r)d(t) 2 + 2g t(f> (r)dtd(j) (4.2) 

and without torsion, as one can easily verify since the induced metric is 
diagonal while the extrinsic curvature has only the ra-component. In the 
case of Anti de Sitter space, where the line element is given in Eq. (j3.1|) . one 
finds that 

^ = <*vTOM r (4 . 3) 

Cl 

which is exactly the same time dependency as in the case considered in 
section 3. It must be stressed, though, that the solution considered here is 
not a special case of the solution considered in section 3. The two solutions 
only overlap for H = 0, i.e. in Minkowski space. 

In the present case, the induced metric on the world sheet becomes (again 
we take the leading Regge trajectory, n — 1) 

2 • 2 cfsin 2 cr 
, rr = -c sma, g „ = T - w ^- (4.4) 

which is again singular at the boundary o = (0, 7r), as follows from the scalar 
curvature 

-2 

c\ sin 4 a 

In the absence of torsion, the extrinsic curvature is just the usual one (sym- 
metric in its indices), which we now call K a p. In the present case it is given 
by 

K TT = K aa = 



R 2 = - ■ 4 [H 2 c\ cos 4 a - 2H 2 c\ cos 2 a - 1] (4.5) 



K„ = -co / V /IT ^ (4.6) 
Vl + # 2 c 2 cos 2 a 
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and trivially g al3 K a p = 0, as mentioned above. 

In this case, the energy and spin are given by [3] 

H 2 c 2 



E 

S 



cr 



H 2 c 2 



Tea' 
1 + H 2 c\ 
na'H 2 



E 



E 



1 + H 2 c 2 
H 2 c 2 



K 



l + H 2 c 2 J l + H 2 c 2 \1 + H 2 c 2 



H 2 c 2 



(4.7) 
(4.8) 



It is impossible to express E directly in terms of S, but for long strings where 
the modulus of the elliptic integrals goes towards 1, one finds j7j 



E/H-S 



1 



2-na'H 2 



\n(2a'H 2 S) + 



(4.9) 



which should be compared with Eq. (j3.16|) . Notice that the factors of 2 are 
not present for the corresponding closed folded string (n — 2). 

Eqs. (l4.7|) - (|4.9|) are well-known, but we now turn to the fluctuations. The 
fluctuations were actually already considered in some cases in [27] , but with- 
out imposing any boundary conditions for the fluctuations. For the corre- 
sponding folded closed string, where there are of course no boundary condi- 
tions at all, the fluctuations were considered in [TSUHj. 

The equation of motion for the normal fluctuations is 



l + H 2 cP 



D a D n -2H 2 -2 



cj sin a 



(p = 



(4.10) 



while the boundary conditions are 

c 0V /l + H 2 c 2 











1 + H 2 c\ cos 2 a 



er=(0,7r) 



c y 1 + H 2 c\^l + H 2 cj cos 2 o <p + c\ sin 2 atfj c 
+Cq cos a sin a (I + H 2 c\ cos 2 cr)-?/' T ] -=(o,7r) 
sin 2 aip T + cos a sin aip" 

- o-=(0,ir) 



(4.11) 



(4.12) 
(4.13) 



First we write 



e c i 



— LOT fy / \ 



(4.14) 
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Now Eq. (j4.1(Jj ) becomes 

n / -i I tj2 2 2 \d 2 fu tt2 2 ■ 

(J = (1 + H Ci cos crj— — - — ii c, cos a sin a— — 

+ L 2 -2 1 + f 2c ' -2g 2 c^sin 2 ^^ (4.15) 
V sin a / 

This equation is actually well-known in the mathematical literature where it 
is known as "Heun's equation"; see the Appendix. Again we only consider 
the solution near the boundary o = 0. The solution is 

f» = — + xfi 1^2 2, ( 5 ^ C ? + 2 - 3 ^ 2 ) ° + k ^ 2 + ■■■ ( 4 - 16 ) 
while the boundary conditions ()4.11|) - ()4.13|) lead to 

,a a l , a 2 , la 



gZ = - 2 + - + d a , (4.17) 



where 



ki 
c 



d% = 
d\ = 

dl = -** (4.18) 

Cl 

while c?3 is arbitrary. We notice that both the normal and tangential fluctu- 
ations are infinite at the boundary. However, the physical fluctuations given 
by Eq. (j3.29|) turn out to be finite also in this case 

8t(a=0) = -^-^(l+H^l-u^e-^ (4.19) 

Sr(a = 0) = iwJfe 1 e~ i * WT (4.20) 

5^ = 0) = J—_ (-H*cj + ^)e-^ (4.21) 
c lv /l + H 2 c( 

with similar conclusions as at the end of section 3. 
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If we take n = 2 in Eqs. (|4.1|) . (j4.3j) the result can be interpreted as a folded 
closed string. This is of course the philosophy in EI| • in that case, the 
tangential fluctuations completely decouple and we are left with the normal 
fluctuations which diverge at the boundaries. Our arguments therefore seem 
to hold only for open strings. This is a problem which deserves further study. 

5 Concluding Remarks 

We derived the equations of motion for normal fluctuations around a clas- 
sical string in a curved spacetime with torsion. The boundary conditions, 
involving both normal and tangential fluctuations, for open strings were also 
obtained. In the two cases of rigidly rotating open strings in AdS with and 
without torsion, it was shown that the divergent part of the tangential fluc- 
tuations at the boundary is completely determined by the divergent part of 
the normal fluctuations in such a way that the physical fluctuations are ev- 
erywhere finite. This is a non-trivial result since the classical world-sheet is 
singular at the boundary. It should be stressed that this does not work for 
the closed folded strings (which exist in the absence of torsion), since the 
tangential fluctuations decouple completely in that case. 

The relation between normal and tangential fluctuations at the boundary 
also shows that one cannot in advance set the tangential fluctuations equal 
to zero everywhere, since this would kill also the normal fluctuations. 

The quantization of the normal fluctuations is a difficult task. It is equiv- 
alent to the quantization of a scalar field in a curved spacetime. Thus, it is 
necessary to make some approximations. In the cases of rigidly rotating 
strings, the problem is that the mass-term is cx-dependent. It was argued in 
[13J that the mass-term can be approximated by a constant, though, at least 
for long strings. Moreover, earlier arguments j3U suggest that at the 
quantum level one should actually skip completely the part of the mass-term 
corresponding to i?2- In any case, one then ends up with the quantization of 
an ordinary massive scalar field. 

The general formalism developed in section 2 simplifies considerably for 
closed strings, where the tangential fluctuations decouple completely and 
there are no boundary conditions. The closed strings, recently considered in 
connection with the AdS/CFT duality, on AdS 5 xS 5 and AdS 3 xS 3 xT 4 (for 
instance ^312111 and references given therein), can then be straightforwardly 
analyzed. This is currently under investigation. 
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A Appendix 

In this appendix we consider the equations for the fluctuations (I4.15|) in more 
detail. Equation (j4.15j) is 



+ 



1 + H 2 c\ cos 2 a) 
1 + H 2 c\ 



da 2 



tj2 2 ■ 

H Ci cos a sm a — — 
da 



2H 2 c\ sin" a ) f L 



sin 2 a 



First, we introduce the conformal coordinate a 



coscr = cn 



1 + H 2 c\ a, m 



(A.l) 



(A.2) 



where cn is the Jacobi elliptic function with modulus m = H 2 c\/{1 + H 2 c\). 
Then equation (|A.1J) becomes 



d 2 f. M ( 2 M + H 2 c 2 } 



sn z 



2H 2 c(sn 2 f t 



(A.3) 



with sn = sn 



c 2 a, ml. Notice that (|A.3)1 generalizes the Lame 

equation in the same way as eq. ()3.24j) generalizes the Poschl- Teller equation 
[36J. However, we can go one step further by introducing the coordinate 



z = sin 2 a = sn 2 



1 + H 2 c\ a, m 



(A.4) 



Then eq. (|A.3jl reduces to 
d 2 9 



dg 



5/2 1/2 1/2 

= — ^ + — 1 1 

z z-l z-{l/H 2 c 2 + l)\ dz 

z + (u 2 /AH 2 c 2 1 -l/H 2 c 2 1 -2) 



[z - (1/H 2 c 2 + l)]z{z - 1) 
where g = f u /z. Eq. ()A.5|) is a special case of Heun's equation j37] 



£g 

dz 2 



+ 



7 



5 



z z 



z — a 



dg a(3z — q 

dz [z — a)z(z — 1) 



(A.5) 



(A.6) 
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where a+/3+l = 7+5+e. The parameters are a = 2, )3 — 1/2, 7 = 5/2, 5 = 
1/2, e = 1/2. The accessory parameters are q = —(u 2 /4H 2 cl — 1/H 2 cf — 2) 
and a = l/H 2 c\ + 1. 

For H = the solution to eq. (jA.5|) is just a hypergeometric function. For 
general H the solution can be expanded on hypergeometric functions, but 
we shall not go into the details here. 
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